ON TRANSFER IN BOUNDED COHOMOLOGY 



INDIRA CHATTERJI AND AND GUIDO MISLIN 

Abstract. We define a transfer map in the setting of bounded 
cohomology with certain metric G-module coefficients. As an ap- 
plication, we extend a theorem on the comparison map from Borel- 
bounded to Borel cohomology (cf. [T]), to cover the case of Lie 
groups with finitely many connected components. 



1. Introduction 

The groups G we are working with are always assumed to be sep- 
arable, locally compact, with a topology given by a complete metric. 
Borel cohomology groups H^{G,A) for G with coefficients in a polish 
G-module A where introduced by Moore [3J. In case A is equipped 
with a metric, one can define the Borel-bounded cohomology groups 
H*Bb{G., A) and study the comparison map from Borel-bounded to Borel 
cohomology. The case of a connected Lie group G and A = Z with triv- 
ial G-action was dealt with in Ppj. The purpose of this note is to define 
a transfer map in the and if^^ setting, with respect to a closed 
subgroup H < G of finite index. We will make use of our transfer map 
to extend some results proved in [T| for connected Lie groups, to cover 
the case of groups with finitely many connected components {virtually 
connected groups). 

We thank Ian Leary for helpful remarks. 

2. The Borel (bounded) setup 

Through this note, G will denote a separable, locally compact topo- 
logical group, with a topology given by a complete metric. 

Definition 2.1. We denote by P{G) the category of G-modules which 
are separable, completely metrizable with an isometric G-action {Polish 
G-modules); morphisms are continuous G-maps. 

When dealing with bounded cohomology, we need to fix a metric 
on our coefficient modules. Let M G P{G). Let mi and 1712 be two 
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complete metrics on M (compatible with the given topology) with re- 
spect to which the G-action is isometric. We say that mi and 1712 are 
bounded equivalent (6-equivalent for short), if they define the same 
bounded subsets in M. 

Definition 2.2. We denote by mP{G) the category of G-modules M 
in P{G), equipped with a preferred 6-equivalence class [m] of metrics. 
Morphisms in mP[G) are continuous G-maps which map bounded sub- 
sets to bounded subsets. 

If if < G is a closed normal subgroup of finite index and M is 
a finitely generated ZG-module with trivial ii-action, then the word 
metric on the underlying abelian group of M, with respect to a 
finite G-stable generating set S' < M defines a 6-equivalence class [ms] 
of complete metrics on M, independent of the particular S chosen. In 
this way we obtain a fully faithful functor 

fgMod(G//J) ^ mP{G) , 

with fgMod(G/iJ) denoting the category of finitely generated G/H- 
modules. 

There is an obvious forgetful functor mP{G) — >■ P{G). In this way, 
we may view an M G fgMod(G/if) as an object in mP{G), respectively 
P(G). 

For M G P(G), a map / : G"+i ^ M is called Borel, if it is Borel 
measurable with respect to the cr-algebras associated to the topolog- 
ical spaces G""*"^ and M respectively; in case M is in mP{G), f is 
called bounded, if its range is a bounded subset of M; / is called G- 
equivariant, if /{xgo, ■ ■ ■ , xgn) = xf{go, ■■■ ,gn). We write 

G^(G, M) = mapf (G"+\ M) and G^b(G, M) = mapf fe(G"+\ M) 

for the abelian group of G-equivariant Borel (respectively Borel 
bounded) maps G"^^ M. With the usual differentials, this de- 
fines cochain complexes G^(G, M) and G^^(G, M) whose respective 
cohomologies, 

H*b{G,M) and H*b^{G,M) 

is the Borel (respectively Borel bounded) cohomology of G with coeffi- 
cients in M (for Borel cohomology with coefficients in P{G), see Moore 
[5] ; Borel bounded cohomology with Banach G-module coefficients has 
been dealt with in [2J). 

Remark 2.3. Let G denote a virtually connected Lie group with con- 
nected component Gq. For M G P{G) with underlying topology of 
M discrete, the G-action on M factors through G/Gq so that M is 
a G/Go-module. Note also that, because G is virtually connected 
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ni{BG) = no{G) = G/Gq is a finite group. According to Wigner [5l 
Theorem 4], see also Moore [31 Section 7, (1)], one has for M discrete 
and countable a natural isomorphism 

H*s{G,M) = H*{BG, M) 

where H*[BG, M) denotes the singular cohomology of BG with local 
coefficients in the 7ri(i?G)-module M. Similarly, for V a continuous 
finite-dimensional R-representation of G, one has a natural isomor- 
phism 

H*siG,V) = H:iG,V), 
with H*{G, V) denoting the continuous cohomology of G [3^ Section 7, 
(2)]. 

Let H < G he a. closed subgroup of finite index and let M G P{H). 
We write vr : G — ^ G/H for the projection and we fix a section a : 
G/H G satisfying a{l-H) = 1 G G. There is a continuous retraction 
p : G ^ H given by p{g) = g ■ o-{7i{g~^)). We define the coinduced 
module Coind§ M G -P(G) as follows: the underlying abelian group 
consist of all continuous functions f : G ^ M such that f{gh) = 
h~^f{g) for all {g, h) ^ G x H. This defines a coinduction functor 

Coindg : P{H) P(G) . 

If M G mP{G), that is, M is equipped with cIm ^ compatible preferred 
metric, we observe that the range of (iAf(/(?),0) : G — R is compact, 
because dM{f{gh),0) = dM{f{g),0) for h & H. We define a metric 
on Coind§ M, using the sup-metric ||/|| = supc((iM(/(5'), 0)). The 
isometric G-module structure on Coind§ M is given by (x ■ f){g) = 
f{x~^g). Hence the functor Coind§ defines a coinduction functor 

Coindg : mP{H) mP{G) . 

It also follows that one has a natural isomorphism 

(Coindg ^M" /(I) . 

The following partial Eckmann- Shapiro Lemma holds in this situation. 

Lemma 2.4. Let G be a separable, locally compact topological group, 
with a topology given by a complete metric and let H < G a closed 
subgroup of finite index. Let M G mP{H). There is a natural diagram 

Hl,{G, Coindg M) ^ HUH^ M) 

" 

if* (G, Coindg M) H%{H, M) 
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and both maps 9* and 6^ are onto. 

Proof. The map of co chain complexes: 

e : C*b{G, Coindg M) ^ C*b{H, M) , 

given on ra-cochains by Q{f){ho, ■ ■ ■ , hn) = f{ho, ■ ■ ■ , /i„)(l), restricts 
to a map G;, of bounded cochains. Moreover, the map 

A : C*s{H, M) C*s{G, Coindg M) 

given by A{f){go, ■ ■ ■ , gn){g) = f{p{9'^9o),---,p{9~^9n)) on n- 
cochains, satisfies 

(0oA)(/)(/^o,--- ,M = A(/)(/i„,---,M(l) 

= f{p{ho), ■ ■ ■ , p{hn)) = f{ho, ■ ■ ■ , /i„) , 

so that Q o A = Id and therefore the induced map G* and are spht 
surjections. □ 



Recall that the radical v G of a (not necessarily connected) Lie group 
G is its maximal, connected, normal, solvable subgroup. A Lie groups 
is called linear, if it admits a faithful representation G GL{n, M) for 
some n. 

Corollary 2.5. Let G be a virtually connected Lie group such 
that for every finitely generated G /Go-module M the forgetful map 
H*B^{G,M) H*^{G,M) IS surjective. Then the radical \fG of G 
is linear. 

Proof. Since CoindQ^^ Z is finitely generated as an abelian group, with 
the connected group Go acting trivially, it is a finitely generated G/ Go- 
module. We conclude from our assumption that 

H*s,{G, Coindg„ Z) ^ HUG, Coindg,, Z) 

is surjective. From Lemma [2.41 with H = Gq and M = Z we conclude 
that 

H*BbiGQ,'L) H'^{Go,Z) 

is surjective too. Because Go is connected, we can apply Theorem 1.1 
of [1] to conclude that ^/Go is linear, which completes the proof of the 
corollary, since v^Gq = VG. □ 
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3. Construction of the transfer map 

Let G be a separable, locally compact topological group, with a 
topology given by a complete metric and let if < G a closed subgroup 
of finite index. Let M e P{G). The map 

fi::CoindgM^M, g ■ f{g) 

gH&G/H 

is well-defined, because for h e H, h~^f{g) = f{gh) so that gh-f{gh) — 
g ■ f{g)- Moreover, k is a G-equi variant map since for x e G, 

^^{x-f) = ^g- {xf){g) = ^g ■ f{x-^g) 

G/H G/H 

= x(^x-^g ■ f{x-^g)) = X ■ K{f). 

G/H 

We further note that, when working with a fixed compatible metric 
on M, then ||k(/)|| < [G : i7]||/||. Hence k maps bounded sets of 
Coind§ M to bounded sets of M and induces 

K* : i/;,(G, Coindg M) ^ Hl,{G, M) . 

Definition 3.1. We define the transfer map in Borel cohomology for 
M e P{G) by 

Tran := k* o Q* : H*s{H, M) H*b{G, Coindg M) ^ H*s{G, M) . 

If M e mP{G), one similarly defines the transfer map in Borel bounded 
cohomology by 

Tran := k* o Q; : H*s^{H, M) H*shiG, Coindg M) ^ H*b,XG, M) . 

Theorem 3.2. Let G he a separable, locally compact topological group, 
with a topology given by a complete metric and let H < G a closed sub- 
group of finite index. Let M e P{G) and denote by Res : Hb(G, M) — > 
Hb(H, M) the restriction map. Then the composite map 

TranoRes : H*(G,M) ^ H* (G,M) 

is the multiplication by the index [G : H]. Moreover, if M & mP{G), 
there is a natural commutative diagram 

H*^,{G, M) i/*,(Go, M) ^ ii^,(G, M) 



H%{G, M)) H*s{Go, M) H*b{G, M) . 
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Proof. Consider H]^{G,7) as a cohomological functor on P{G). In [Sj 
Theorem 4] Moore proved that this functor is coeffaceable, that is, for 
M e P{G) there exist a closed embedding M J{M) with J(M) G 
P(G) satisfying H*^{G,J{M)) = for * > 0. It follows that any 
natural transformation T* : H*q{G, ?) H^{G, ?) of functors on P{G) 
is determined by T° : H^{G, ?) — » H^{G, ?). Applying that remark to 
the natural transformation T = TranoRes one verifies for M G P{G) 
that in degree the map T° : H°{G,M) H^{G,M) corresponds to 
the map M'^ M'^ given by m YlgHeG/H 9"^ ~ • H]m. As a 
result, the composite map TranoRes is, as claimed, the multiplication 
by [G : H], in all degrees. The commutativity of the diagram for the 
forgetful map is immediate from the definition of the transfer. □ 

4. Applications 

If y4 is a finitely generated ZG-module, with kernel of the G-action 
on A a normal subgroup of finite index in H < G, we can (as described 
earlier) consider A as an object in mP{G), by choosing a word metric 
on A with respect to a G-stable finite generating set. Forming we 
can choose a G-invariant Euclidean metric on that finite dimensional M- 
vector space, yielding an object A®M in mP{G) such that A — > A®M is 
a morphism in mP{G) (it maps bounded subsets to bounded subsets). 
We can also form {A ® M)/ image(A), which is topologically a finite 
dimensional torus, inheriting from A(8>]R a natural G-invariant metric, 
yielding an exact sequence 

v4-^v4(g)M^(v4(g)M)/ image(v4) 

in mP{G). We call this the standard way of viewing A, A ® M and 
(yl M)/ image(y4) as objects in mP{G). 

Lemma 4.1. Let G he a separable, locally compact topological group, 
with a topology given by a complete metric and let H < G a closed 
subgroup of finite index. Let A be a finitely generated ZG -module with 
H acting trivially on A; view A and A®M. in the standard way as an 
object in mP{G) . If the natural map H^{G, A) H^{G, A^R) maps 
an element x G Hg{G, A) to an element x G H^{G, A ® M) which lies 
in the image of LL^f^{G, A ® M.) —>■ H*g[G,A ® M), then x lies in the 
zmage of H*^,{G,A) ^ H*s{G,A). 

Proof. We first consider the case of an A with underlying abelian group 
torsion-free. In that case, tensoring with Z — R ^ S"^ yields a short 
exact sequence A^A^R^A^S^ in mP{G), which admits a 
Borel bounded section A ® — >• A ® R of the underlying spaces (cf. 
[4]). Therefore, we obtain a commutative diagram with exact rows 
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and vertical maps a and 5 isomorphisms, because A® has finite 
diameter: 



A®S^)^ HUG, A) ^ HUG, A 

^ a /3 7 

A ® 5^) ^ H^{G, A) H^{G, A ( 



l)^HUG,A®S'] 



Hl{G,A®S^] 



The result then follows from a simple diagram chase. If A has torsion, 
denote by TA < A the torsion subgroup (with the induced metric); 
it is a G-submodule. We have a Z-split short exact sequence TA —>■ 
A —>■ A/TA in mP{G), which gives rise to a commutative diagram with 
exact rows and isomorphisms x ^^id fi, because TA is finite: 



HUG,TA) 



HUG,TA) 



HUG, A) 
HUG,A)- 



HUG,A/TA) ^HU\G,TA) 



H^{G, A/TA) Hl^^^G, TA). 



Having proved the claim of the lemma for A/TA and using that A(8>M = 
(A/TA)®M, a simple diagram chase completes the proof for the general 
case. □ 

Lemma 4.2. Let G he a virtually connected, separable, locally compact 
topological group, with a topology given by a complete metric and let M 
in mP{G) be finitely generated as an abelian group and with discrete 
topology. Let x G H*q{G, M) and assume that for some n > 0, nx lies 
in the image of HUG, M) — > H^{G, M). Then so does x. 

Proof. The connected component Go acts trivially on M and has finite 
index in G. From our assumption we infer that the image x of x in 
H^{G, M IR) has the property that nx lies in the image of the map 
HUG,M (g) M) ^ H*b{G,H (g) M). Since that image is an M-vector 
space, we conclude that x lies in that image too. Using Lemma 14.11 it 
follows that already x lies in the image of HUG, M) H^{G, M). □ 

The following result was proved in [1] for connected Lie groups and 
trivial coefficients A = Z. However, in applications one is often con- 
fronted with Lie groups with finitely many connected components (vir- 
tually connected Lie groups), like GL(n, M) or 0{p,q). The transfer 
map allows a natural generalization of pj, Theorem 1.2] to include such 
groups. 

Corollary 4.3. Let G be a virtually connected Lie group. Then the 
following are equivalent: 
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(1) the radical y G is linear; 

(2) for every finitely generated G / Go-module M, the forgetful map 
H*^^{G,M) ^ H*s{G,M) IS surjective. 

Proof. That (2)^(1) is the content of Corollary 12.5^ so we show that 
(1)^(2). For this we consider the commutative diagram 

H%,{G, M) ^ HUGo, M) ^ HUG, M) 



H%{G, M)) H*s{Go, M) H*b{G, M) . 

Since Go is connected, the Go-action on M is trivial. Because a/G = 
-\/Go we conclude from [H Lemma 3.5] that C, is surjective. It follows 
that for X G H]^{G, M), the element TranoRes(x) = [G : Go] ■ x lies in 
the image of r]. By Lemma [4.21 we conclude that x lies in the image of 
rj too, completing the proof. □ 
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